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LOCALIZATION OF AFFINE W-ALGEBRAS

T. ARAKAWA, T. KUWABARA, AND F. MALIKOV

ABSTRACT. We introduce the notion of an asymptotic algebra of chiral differential
operators. We then construct, via a chiral Hamiltonian reduction, one such algebra
over a resolution of the intersection of the Slodowy slice with the nilpotent cone. We
compute the space of global sections of this algebra thereby proving a localization
theorem for affine W-algebras at the critical level.

1. INTRODUCTION

1.1. If X is a scheme, A a sheaf of associative unital algebras on X, A is an associative
unital algebra s.t. A =T'(X,.A), then one says that A is a localization of A.

If A is commutative, then a certain localization of A is a cornerstone of the very
definition of the affine scheme SpecA.

An important noncommutative example was introduced simultaneously in 2 classic
works by Beilinson-Bernstein [BB1, BB2] and Brylinski-Kashiwara [Bri<]. In this case
X is a flag variety, and Dx, the algebra of differential operators on X, is a localization
of the ‘centerless’ universal enveloping algebra, U(g)o, of the corresponding simple com-
plex Lie algebra g. Introduced as a tool to prove the Kazhdan-Lusztig conjecture, this
construction has transcended its original representation-theoretic purpose and served
as a template mathematically to define conformal field theory, see the unpublished but
influential [BFM] and the more recent [BD].

Relatively recently more examples of noncommutative localization have been consid-
ered in [[KR], [Los] and then [DK]. To formulate (part of) the Dodd-Kremnizer result
consider the nilpotent cone N/ C g, the Slodowy slice S C g, and the Springer resolution

(1.1.1) 7:T*X = N.

We then obtain S := SNAN and S C T*X, the preimage of S under (1.1.1). Dodd
and Kremnizer assert that a certain (constructed via Hamiltonian reduction) algebra
of asymptotic differential operators over S, Dé, NRK! localization of the asymptotic
version of the centerless finite W-algebra; the result for the genuine W-algebra looks
also attractive: W] = F(S,DS~7\/E)C*.

We have used the word ‘asymptotic’ and hinted, via the superscript C*, at the C*-
action; these reflect two important constructions invented by Kashiwara and Rouquier
in the above cited [I[XR] for the purposes of localizing the Cherednik algebra. To
put these constructions in a suitable context let us return to the Beilinson/Bernstein-
Brylinski/Kashiwara situation. Kostant’s theorem asserts that although (1.1.1) is only
a birational isomorphism, it defines an isomorphism of the rings of regular functions

(1.1.2) CIN] = I(T* X, Or+x).
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This result is the key to the localization isomorphism U(g)g — I'(X, Dx). One can say
that the latter is a quantization of the former because, as everybody knows, the algebra
of differential operators is a quantization of the algebra of functions on the cotangent
bundle. Everybody knows this, but the assertion is not quite correct. A quantization of
Or=x is to be understood as a sheaf over T* X, and Dx, being noncommutative, resists
localization along the fibers of the projection 7*X — X. Therefore Dy is actually a
quantization of the push-forward of Or«x on X. In case of the cotangent bundle this
subtlety can be ignored, but the problem is that although S C T X is symplectic it is
not the cotangent bundle of anything. The way around was suggested in [[KR]. First Dx
is to be replaced by its deformation quantization version. This means introducing the
‘Planck constant’ 7 so as to deform the local defining relations as follows: [£, 7], = A[€, 1],
&, fln=RE(S), &,m € Tx, f € Ox; then complete by the positive powers of / and allow
the division by A. The result is a topological algebra of what we called asymptotic
differential operators. It localizes well,! but it is too huge to reproduce a reasonable
associative algebra. To the rescue comes the C*-equivariant structure discovered in
[[KRR] in the case of the Cherednik algebra. Dodd and Kremnizer use this technology in
the W-algebra case, where the C*-equivariant structure is a direct manifestation of the
well-known Kazhdan filtration. Note an analogue of (1.1.2):

(1.1.3) C[S] =5 T(S, 04).

1.2. In the present paper, following [[KR], we define asymptotic vertex algebras, in
particular, asymptotic algebras of chiral differential operators (ACDO). Note that if a
scheme M is Poisson, then the jet scheme J,, M is vertex Poisson, i.e., O s is a vertex
Poisson algebra; this is proved in [A1] but the fact that brackets on jet spaces are of a
“‘vertex nature” has been known to specialists in infinite dimensional dynamical systems
for decades, see the introduction to [BD] and references therein. Typically, an ACDO is
a quantization of this or that J, M. In particular, given an algebra of chiral differential
operators (CDO) D" over M, see [BD, MSV, GMSI], there is a simple construction of

an ACDO Dﬁ\/ﬁ’ which is a sheaf over J, 17" M.

Thus, if X is a flag manifold, then there is a unique D%‘ [GMS2], and we construct an

ACDO D;}f’ i @ sheaf over J,,T*X. From ~D§?, U via a chiral Hamiltonian reduction,

we obtain Dgff\/ﬁ, a certain ACDO over J..S.

Similarly, given the well-known centerless vertex algebra Vo_hv (g), we construct an
asymptotic vertex algebra Vo_hv (9) Jh» from which, again via a chiral Hamiltonian re-
duction, we obtain an asymptotic version of the centerless affine W-algebra, w-h”

0,vh'
Both chh N and Wo_il/% carry a C*-action; in particular, (WO_ \h/j—i)(c* is the usual affine

We-algebra, Wy hv, as defined in [FF'2] for a principal nilpotent element and in [[KKRW]
in general. Our main result is the following two isomorphisms

~ ~ 3V ~ x o~ Vv
(1.2.1) D(JoS, DE ) — wo’hf, D(JoS, DF ) = Wy

Notice that there is an obvious jet scheme version of (1.1.3)

(1.2.2) ClJoS) — T(JoS5, 0,

Lthis phenomenon is best understood from the point of view developed by Kapranov in [Kapr], an
important source of inspiration for us
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but it is by no means an isomorphism, which makes (1.2.1) less obvious and indicates
that the quantum objects are better suited for regularization.

1.3. A few more words about the contents of this paper. Sect. 2 is devoted to, so to
say, basics of asymptotic vertex algebras and ACDO. In particular, we show that an
ACDO may quantize, apart from the standard J.7* M, their twisted versions. We call
them, perhaps clumsily, twisted jet-cotangent bundles, and their isomorphism classes
are classified by H'(M,Q2, — Q?J’V[d) This construction is modeled on the construction
of twisted cotangent bundles in [BB2], but note that the latter are classified by the
cohomology group of a lower degree: H'(M, Q}V[ — Q?Md)

In sect. 2.3 we deal with the chiral Hamiltonian reduction. While the ideas are the
old ones of Feigin-Kostant/Sternberg-Feigin /Frenkel, we find that when working over an
arbitrary smooth variety (at one point we need to relax even the smoothness condition)
the use of asymptotic objects becomes essential. Note that the constructed via the
chiral Hamiltonian reduction Dg,h o are the first examples of an ACDO that do not

come directly from some CDO (as they are not related to a cotangent bundle).

This approach gives rise to a novel definition of an affine W-algebra, see sect. 3.2.
It is similar to the original Feigin-Frenkel definition (which only works for a nilpotent
element admitting a good even grading) and more intuitive than, but equivalent to, the
general Kac-Roan-Wakimoto definition [IXRW].

The main result can be found in sect. 3.3.3. In sect. 3.4 we explicitly work out the
simplest nontrivial example that arises when g = sl3.

1.4. Acknowledgments. This work started when TA was visiting USC. Part of the
work on this was accomplished when FM visited IHES and MPIM, Bonn. TK is also
grateful to MPIM for hospitality.

2. ALGEBRAS OF ASYMPTOTIC CHIRAL DIFFERENTIAL OPERATORS

By a vector space we will mean a vector superspace and by a we will denote the parity
of a.

2.1. Vertex Poisson algebras and twisted jet-cotangent bundles.

2.1.1.  Avertex Poisson algebra is a collection (V,1, Os(ny sn > —1), where
V is a C-vector space,
(n) 1s a product VoV =V, a®bw— aub,
1 € V is a distinguished, vacuum, vector,
0 € EndcV,
that satisfies the following conditions:
(1) the collection (V;(_1y,1,0) is a commutative associative unital algebra with deriva-
tion 0;
(2) the collection (V,0,(,),n > 0) is a vertex Lie algebra, i.e., the following holds

(2.1.1) for all a,b € V, ag,)b=0if n>> 0,
+oo ]
. (n)0 = I (n+])a)7

J=0
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(2.1.3) a(m)b(k)c — (—1)‘il~’b(k)a(m)c = Z <T> (a(j)b)(m+k_j) for all a,b,c € V,n >0,
Jj=0
(2.1.4) [0,a(,)] = (0a) ) = —na(,—1) for all n > 0;

(3) each a(y) is a derivation of the product (_y).

In what follows we will often unburden the notation by writing ab instead of a(_1)b.

2.1.2. Let V be a vertex Poisson algebra and S C V a multiplicative subset. The
derivation J extends to the localization V[S~!] by the “ quotient rule”:

8(9) _ d(a)s —2 a@(s)'

The n-th multiplication ’ i
) VeV =V
naturally extends to a map of localizations
) VISTN@ VIS = VIS
Indeed, the n-th multiplication being a derivation, we define
) VeV[ST = VST

to be (the quotient rule again)

a (x(n)a)s — a(z(n)s)
O 52 :

Next, we use skew-symmetricity to define
) VISTN®V = VST
by the formula
b 1 b
= a=(=D"TY T S (apmp )
Fo (1) ;]! (@@t ;)
Finally, we set

Lemma 2.1.2.1. If V is graded vertex Poisson algebra and S C V is a multiplicative
subset, then the formulas written above define a vertex Poisson algebra on V[S™1].

Proof. The map (,y : V@&V = V, a®b — agpb is a (bi)differential op-
erator: it is a derivation in b by definition, and the skew-symmetricity ag,)b =
(—1)ntt zj>0(—1)j 1/j!07 (b(n44ya) shows that it is a potentially infinite order differ-
ential operator in a. However, as follows from the same formula, the restriction of (n)
to any finitely generated subalgebra of V' is of finite order, hence allows a canonical and
standard extension to the localization via the following recurrent relation: if P is a finite
order differential operator, then define

(215 P& =0 Lip g,

noting that the order of [P, s] is by definition less than that of P.
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The formulas written before the lemma are but an explicit computation of these
extensions.

To conclude, notice that the vertex Poisson algebra axioms are then statements that
certain differential operators are equal to zero, the property preserved upon localization.
O

Corollary 2.1.2.2. If V is a vertex Poisson algebra, then the structure sheaf of the
affine scheme SpecV is a sheaf of vertex Poisson algebras.

2.1.3. One can say that the spectrum of a vertex Poisson algebra is a vertex Poisson
scheme, i.e., a scheme whose structure sheaf is a sheaf of vertex Poisson algebras. Here
is the avenue for producing not necessarily affine vertex Poisson schemes.

Let X be a scheme, Jo X the corresponding jet scheme. It is a D-scheme [BD] and,
in particular, the structure sheaf O _x carries a canonical derivation 0.

Lemma 2.1.3.1. [Al] If X is a Poisson scheme, then Oj_x carries a unique vertex
Poisson algebra structure such that, for each f,g € Ox C Oy x, fyg = {f,9} and

f(n)g =0ifn>0.

Remark 2.1.3.2. The fact that the notion of a vertex Poisson algebra structure is a jet
version of that of a Poisson structure, implicit in a body of work on infinite dimensional
dynamical systems, has been most eloquently put forward in [BD] (see also references
therein). In the language of coisson algebras, proposed in [BD], the above lemma be-
comes practically obvious. The coisson algebra attached to a vertex Poisson algebra V'
is V=V ® O¢, a D-module on C with coisson bracket

=1
{4y Feoiss : VRV — AV, s.t. {a(z),b(w)}eoiss = Z ﬁ(a(n)b)(w)é(")(z—w) if a,b e V®l.
n=0""
A Poisson bracket on a commutative associative algebra A in this language is reflected
in letting
{(I(Z), b(w)}coiss = {a7 b}(w)é(z - w)

This easily and unambiguously extends to the jet-algebra J.,A, the D-algebra freely
generated by A, by repeatedly using the rule

{02a(2), 0,b(w) }eoiss = 0205, ({a(2), b(w)}coiss),

which, by the way, allows one quickly to write down somewhat complicated explicit
formulas for (,,)-multiplications recorded in [A1].

Corollary 2.1.3.3. The assignment X — JX defines a functor from the category of
Poisson schemes to the category of vertex Poisson schemes.

2.1.4. One typical example is provided by a Lie algebra m. The dual m* is a Poisson
variety (Kostant-Kirillov bracket), Jom* is a vertex Poisson scheme with C[J,om*] =
S*(m[t~1]t7!). The meaning of the latter identification is that a C-point of Jo,m*
f(t) € m*[[t]], where the value of a coordinate function ¢(t) € m[t~1]t~! is the residue

Resi—op(t) f(t)dt.

2.1.5. Perhaps the most obvious example of a vertex Poisson scheme suggested by
Lemma 2.1.3.1 is JoT* X, T*X being equipped with the standard Poisson structure.
The vertex Poisson structure affords a very simple local description. If {z;,0;,1 <
j < dimX} is a “coordinate system” on a sufficiently small U C X, meaning that
r; € Ox(U), 9; € Tx(U), and 9;(z;) = &;5, then 9;pyz; = d;; and all the products
(n) With n > 0 of x; and 9; are zero. This assignment uniquely extends to the algebra
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with derivation 0 freely generated by {z;,0;,1 < j < dimX} and then to the entire
O 1:x(JcT*U). Corollary 2.1.2.2 gives then a sheaf of vertex Poisson algebras on
OJrU-

This construction can be twisted. Consider a cover {Us} of X with a coordinate sys-

tem {x§8), 8](-5), 1 < j < dimX?} on each Uy and a Cech cocycle {as, Bs} with coefficients
in the complex Q% — Q%&Cl; this means that a, € Qiéd(Us), Bst € % (Us N Uy;) and the

following cocycle conditions hold:
d/Bst = (¢ — Q5 on UsmUty /Bst_ﬂrt"i_ﬂst =0 on UrmUsmUt-

Now change the previously constructed vertex Poisson algebra structure on Oy 7+y,
as follows: recall that there is a natural embedding Q_IX 5 Ox-00x C Oy_7+x for any

X, declare that 82.((83)8](-8) = Laj(_s)

Extended as above, this gives a new vertex Poisson algebra structure on O p«r,. The
reason the axioms hold true is the closedness of ag, an observation of Bressler [Bre].
The local change of the vertex Poisson structure requires the change of the gluing

Ly() Qs € Qlljs , instead of 0, and keep the other relations.

functions. Over the intersections Ug N Uy, we re-glue by demanding that 82-(8) > 82-(8) +
La(s)ﬁst. An easy to check formula

(2.1.6) (€ +teB)o)(n+ tnB) = §oyn + tiey B + tytedp

implies that in this way we obtain a vertex Poisson algebra isomorphism

pst © OporU)J T UnJaT*Us = OJo T U, | Joo T*U AT T*U, -

That {as, Bst} is a cocycle implies the associativity p,s = pstoprs. Thus a sheaf of vertex
Poisson algebras over X arises; denote it temporarily by Otf:oT* ¥

Notice that our manipulations have done nothing to the associative commutative
algebra structure locally. Therefore O% 1. (JooT*Us) is (noncanonically) isomor-
phic to Oy_7+x(JooT*Us) and contains Ox (Us). This gives a morphism of schemes
SpecOf}i’oT*X(JooT*Us) — U,.

The gluing functions have been changed, but not their restriction to Ox. What this
means is that the vertex Poisson schemes {SpecO%” 1.y (Us) — Us} glue into vertex
Poisson scheme over X that is locally, but not globally, isomorphic to JT*X as an
X-scheme. We denote this scheme by JX*T*X and call it a twisted jet-cotangent bundle
over X.

If we want to emphasize that JYT*X is built using a particular cocycle {as, Bst},
then instead of J®T*X we shall write J& T* X

It is rather clear that although the construction of J&;ﬁ T* X depends on the choice of
a cocycle {ag, Bst }, the isomorphism class of the result depends only on the cohomology
class {as, Bur} € HY(X, Q% — Q3.

Remark 2.1.5.1. Our discussion is modeled on [B332], 2.1.5-2.1.8, where twisted cotan-
gent bundles are introduced. It is easy to see that all twisted jet-cotangent bundles
form a category, in fact a groupoid. Each such bundle is an Q3% — Q%&Cl—torsor, and the

category of twisted jet-cotangent bundles is equivalent to that of Q_QX — Q%&Cl-torsors.
We leave the details out.

2.1.6. There is little doubt that much of what we have said and will say has super-
analogues. Here is a simple example of what we shall actually need. If M is a smooth
supermanifold, then 7% M is a symplectic supermanifold, and JT™ M is a vertex super-
Poisson scheme. For example, if m is a purely even vector space, then by IIm we shall
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denote the corresponding purely odd vector space; T*IIm is a symplectic supermani-
fold, JooT*IIm is a vertex super-Poisson scheme so that C[J.,T*IIm] is a vertex Poisson
(super)algebra. We have an identification C[JoT*IIm] = S*(m[t~!]t~1 @ m*[t~1]t~1)
analogous to the one discussed in sect. 2.1.4.

It is clear that C[T™IIm] is nothing but the exterior algebra A(m & m*) (with an
obvious Poisson bracket), and we shall denote by AY*"*(m & m*) the vertex Poisson
algebra C[JooT*IIm]. All of this is well known, of course.

2.2. Asymptotic CDO. Now we wish to quantize J2T*X. One expects this to mean
constructing a sheaf of vertex algebras over JWT*X whose quasiclassical limit is the
structure sheaf Ojuwp«x. In essence, such a quantization is known — a CDO D%‘,
[MSV, GMS1]. However, a CDO is a rather “noncommutative” object, and although
it localizes along X, it resists localization over the entire JYT*X. A way out was
suggested by Kashiwara and Rouquier [[{R] in the context of usual algebras of differential
operators, and we will use it as a template.

2.2.1. Recall that a vertex algebra is a collection (V, 1, ,n € Z), where
V is a C-vector space,
(n) 18 a product VoV =V, a®bw— aub,
1 € V is a distinguished, vacuum, vector,
that satisfies the following conditions:

(2.2.1) a—pl=a, apyl =0foralla eV, n >0,

(2.2.2) for all a,b € V, a,)b=0if n >0,

m
(223) DN () [T
7>0
i[n n fz~
— Y -1y (j){a<m+n_j>b<k+j> D g )

>0

Note that this definition suppresses the following important part of structure: the
map
0:V =V, ara_yl

is a derivation of all products and satisfies (2.1.4).

Following [Lil], we will say that an h-adic vertex algebra is a collection (V, 1,),n €
Z), where
V is a flat C[[A]]-module complete in h-adic topology,
(n) 1V ®V — Vis a continuous C[[h]]-linear map,
such that for each N > 0 the collection (V/RNV, 1,(n),n € Z) is a vertex algebra.

Finally, and here we loosely follow the terminology suggested in [DI], a collection
(V,1,n),n € Z) is called an asymptotic vertex algebra if V' is a C((h))-vector space
and there is an h-adic vertex algebra (V',1/ ORUES Z) along with an embedding of
C[[h]]-modules V' — V so that 1" = 1, V = V' @¢pz; C((h)), and each multiplication
(n) 18 an extension of of the multiplication (, by C((h))-linearity. Any such V' C V is
called a lattice of V.
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Here is a rather trivial example: if V' is a vertex algebra, then V[[A]] and V' ((h)) with
operations extended by C[[A]]- and C((h))-linearity (resp.) are an h-adic and asymptotic
vertex algebra respectively. Less trivial examples will appear in sects. 2.2.3, 2.2.4, 2.2.7,
and 2.2.11

Remark 2.2.1.1. Notice that although the notion of a vertex algebra makes sense over
any ring that contains Q, an h-adic vertex algebra is not a vertex algebra over C[[A]],
just as an asymptotic vertex algebra is not a vertex algebra over C((%)), because the
local nilpotency condition (2.2.2) does not quite hold; it fails even in the trivial example
just considered. Typically and more generally, we will have an h-adic vertex algebra
V = W][A]] for some C-vector space W, and for each a,b € W

o
amyb = agpnbh*, ag,mb € W.

k=0
The definition as stated implies not that ag,)b = 0 if n > 0 but that, for each k,
a(mk)b =0ifn> 0.

The Borcherds identity (2.2.3) holds on the nose and, in fact, vertex algebra techniques

tend easily to apply to these more general situations by focusing on the coefficients of
appropriate h-expansions.

2.2.2. If V is an h-adic vertex algebra, then AV C V is an ideal and V/hV is a vertex
algebra over C. If, furthermore, V/AV is a commutative vertex algebra, i.e., amb € AV
for all a,b € V, n > 0, then the standard definition

(a mod (1)) y (b mod () = (%a(n)b) mod () if n > 0

makes V/AV into a vertex Poisson algebra.

As usual, we will call an fi-adic vertex algebra V a quantization of a vertex Poisson
algebra W if V/AV is commutative and isomorphic to W as a vertex Poisson algebra. For
the lack of a better name, we will also call an asymptotic vertex algebra V' a quantization
of a vertex Poisson algebra W if one of its lattices is. The same definitions apply to
sheaves of h-adic vertex algebras.

2.2.3. Let g be a finite dimensional Lie algebra with invariant inner product (.,.). A
well-known vertex algebra attached to it, V("')(g), can be defined as a vertex algebra
strongly generated by g with relations

o)y = [‘TayL Ty = (‘Tay)]-? Tn)Y = 0ifn > 1.

As a notational matter, if one (.,.) is understood fixed, then V*(g) will stand for
VFkC)(g). If only zero (.,.) exists, say, when g is nilpotent, then we shall write sim-
ply V(g).

Here is a way to attach an A-adic and asymptotic vertex algebra to V("')(g). Inside
V() (g)[A] consider a vertex subalgebra generated by hig. Equivalently, writing Z for iz,
the above relations become

j(O)g = h[ﬂj‘,y], 53(1)@? = h2(3§‘,y)1,

and we denote, tentatively, by TA/("')(g) the vertex algebra generated by these elements
and relations over C[h]. Finally, let V() (g)s > the hi-adic completion of ‘7("')(9). This
is an h-adic vertex algebra. Localizing by A~! we obtain an asymptotic vertex algebra
V) (g)y of which V) (g)n > is a lattice.
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It is immediate to deduce from the relations above that V()(g)s > /BV ) () > is
canonically isomorphic to, hence a quantization of, S(m[t~!]t~!), the vertex Poisson
algebra introduced in sect. 2.1.4.

Notice that there is an obvious multiplication preserving morphism

VEI(g) — VO (@), & — b

Later we shall need an “algebraic extension” V("')(g)\/ﬁ = V() ®c((h)) C((Vh)).

2.2.4. Similarly, given a vector space m, let us define a vertex Clifford vertex algebra,
ClY*"'(m @ m*), to be a vertex algebra strongly generated by m & m* with relations

.Z'((])y = <.Z',y>, x(n)y =0 lfn > 17337?4 € m@m*a

where (.,.) is the natural inner product on m & m*.

Along the lines of sect. 2.2.3, one obtains, by replacing x € m with & = hz, y € m*
with § = y, and then completing by positive powers of h, an h-adic vertex algebra
C1v""(m & m*);, >, and then the asymptotic vertex algebra CI""!(m & m*)p,.

It is immediate to see that CI""'(m & m*); > is a quantization of A*"*(m & m*)
introduced in sect. 2.1.6. Note also an obvious “dividing out 2” morphism

Clvert(m oy m*) N Clvert(m D m*)h-

2.2.5. Recall that a vertex algebra V is called Z -graded if V=V @ Vi & Vo ®--- so
that (V) (Vin) C Vigm—i—1 for all i, where we set V,, = 0 if n < 0. The same definition
applies to sheaves of vertex algebras on a variety and one easily verifies [G)MS1], for any

such sheaf V=V, @&V & Vo @ -- -, that
(Vo,(—1)» 1) is an unital associative commutative algebra;

(Vo) (=1)(0Vo) and V1/(Vo)(~1)(0Vo) are Vo-modules, the action being defined by (_);

9:Vo — (Vo) 1)(8VO) is a derivation;

V1/(Vo)(-1)(0Vo) is a Vp-algebroid Lie, (o) defining the Lie bracket on Vi /(Vo)(—1y(0Vp) and
the actlon of V1/(Vo)(~1)(0Vo) on Vg by derivations.

Let X be a smooth algebraic variety.

Definition 2.2.5.1. An algebra of chiml differential operators (CDO) is a sheaf of
Zy -graded vertex algebras over X D , so that

(i) the triple (D$Y)o is zsomorphzc to Ox as a unital associative commutative algebra;

(it) (D5")0)(=1)((D(D)0)) = Q% as an Ox-module with derivation;

(iii) the pair (DS)1/((D58)o)(-1)(O(D5)o) is isomorphic to Tx as an Ox-algebroid
Lie;

(iv) DSt is strongly generated by (D5A)o ® (DSF);.

CDOs were introduced in [GMS1] (and independently and in a much more general
setting of chiral algebras in [BD]) and classified as follows.

Theorem 2.2.5.2. [GMS1] (i) A CDO over X exists iff cha(Tx) = 0.
(ii) If cho(Tx) = 0, then the isomorphism classes of CDOs over X form a torsor over

HY(X, 0% — Q3.
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2.2.6. Let cha(Tx) = 0 and we fix one CDO over X, D$*. As a practical matter
(we refer the reader to [GMS1] for further details), this amounts to having chosen the
following data:

local: a fine enough affine cover {Us} of X, an abelian Ox-basis {d,...,0n} of

Tx (Us), and a closed 3-form a; € Q%&Cl(Us) for each s;
gluing: an n-tuple of 1-forms {¢5, ..., ¢’} on each double intersection Us N Us.

The local data determine the vertex algebra D%‘(U s) as follows:
D$A(Us) contains and is generated by the C-vector space Ox (Us) @ (©,C9;); further-
more, Ox (Us) 31 =1 € D(Us);
the products (,,), n > 0, amongst generating elements are
(2.2.4)
(9j)(0)(Ok) = ta, L0, (95)0) f = 95(f), (8;)1)(Ok) 1) = fmy9 =0, [f, 9 € Ox(Us).

Here and elsewhere we often omit the superscripts that indicate the relevant charts.
To describe Dg? (Us) as a vector space, consider the canonical composite projection

7w JoT* X =T X — X.
There is a vector space isomorphism
(2.2.5) Oyt x (7 'U;) = DR(Us)
defined by

OP1(0iy) -+ - OPH(0;,) 0N (f1) - - 0% (f1)
= (0P (0)) (1) - (0P4(03,)) =1y (O (f1)) =1y - - - (O (f1)) =1y 1,

where f; € Ox, 0 stands for the canonical derivation of both the left and right hand
sides, and the products on the right, which are not associative, are nested on the right.

The gluing data determine the patching over the double intersection UsNU, as follows:
(2.2.6) fe £ 050 05+ 6.
Taking all of this for granted, one can easily verify

Lemma 2.2.6.1. (i) If {x;,0;} is a coordinate system and oo = 0, then the subalgebra
of D%L(U.) generated by {x;,0;} is a By-system, i.e., the only non-trivial products of
generators marked by nonnegative integers are (9;)0yxj = dij-
(ii) The pieces Ox (Us), Ox (Us)0Ox (Us) patch into the subsheaves Ox, 0 C D5E.
(iii) The pieces ©;0x (Us)0; ® Ox (Us)0Ox (Us) patch into the subsheaf V C DY that
fits into an exact sequence

(2.2.7) 0—=Q% - V3 Tx —0.
(iv) Change of splitting: if 3 € Q% (Us), then
(0; + Laiﬁ)(l)(mj_,_ajﬁ) =0, (0; + L@ﬂ)(o) (05 + Lajﬁ) = 1p;L, + Lo, Lo, dP.

YV is known as a vertex algebroid; the subsheaf Ox @V generates D!, and technically
D$P is defined in [:MS1] as the vertex enveloping algebra of V.
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2.2.7. We wish to find a reasonable h-adic version of D$?. Consider DSE[[A]]; it is a
sheaf of fi-adic vertex algebras, see sect. 2.2.1, and it contains V[[A]] so that, cf. (2.2.7),

0 = Qx[[A]] = VI[A]] = Tx[[H] — 0,

is exact.

As an intermediate object, introduce ﬁg?, the h-adic vertex subalgebra of Dg?[[h]]
generated by Ox and o~ (Tx[[h]]h).

It is clear that 133?/ hﬁ%‘ is a commutative vertex algebra, hence a vertex Poisson
algebra, sect. 2.2.2. We will now identify it. Consider the canonical composite projection

T J T X - TX — X.

Lemma 2.2.7.1. The vertex Poisson algebras m,.Oj_r+x and D /hD are canonically
isomorphic.

Proof. By deﬁmtlon and as reviewed in sect. 2.2.6 in greater detail, locally DX is

generated by aj def hoj and Ox(Us). The nonvanishing products (,), n > 0, among
generators are

(9))0)(Ok) = W ug, 00,0, (95)(0)f = hd;(f)-
The prescription of sect. 2.2.2 immediately recovers the “canonical commutation rela-
tions” of Oy _p+x, cf. sect. 2.1.5. As to the patching, (2.2.6) gives f — f, 8 — 0 i +hoj,
which modulo & becomes f +— f, 8 — 8], as it should. (]

Lemma 2.2.7.1 defines, by adjunction, a sheaf morphism
(2.2.8) F_l(ﬁ%/hﬁ%) — OJOOT*X.

This is not an isomorphism — and so 77_1(253? / hﬁg?) is not a quantization of O;_r+x,
cf. sect. 2.2.2 — because 77_1(753?) is insensitive to localization along the fibers, although
W_l(ﬁgél/hﬁgg)(ﬂ_l(]) and O;_7+x(7~U) are isomorphic for each U C X. We will
now construct the desired localization, to be denoted A(ﬂ_lﬁg(b).

2.2.8. Localization of vertex Poisson algebras that we performed in sect. 2.1.2 is a
solution of an obvious universal problem. By contrast, vertex algebras do not afford even
a definition of localization, not immediately at least. Our approach is then opportunistic
by necessity: we will define the desired localization of 7~1(D$?) to be a quantization
(sect. 2.2.2) of its quasiclassical limit, Oy _7+x

We place ourselves in the situation of sect. 2.2.6, where we have an affine U C X
with a coordinate system {0;,z;}. Isomorphism (2.2.5) lifts to a vector space isomor-
phism F_lﬁg?(ﬂ'_lU) — Oy 1+x(m~*U)[[A]]. There is no canonical such isomorphism,
but in the presence/\of a coordinate system we can make a choice: as in the proof of
Lemma 2.2.7.1, let 0; = hd;, send

(OP1(D3,)) (<1) -+~ (0P(83,)) (—1) (DU (F1)) (1) -+~ (B% (f1))(~1)1
b OPL(0yy ) - - OPL(0;,) O (fr) - - - OU(fy)

and then extend using C[[h]]-linearity and continuity.
Having made this choice, we identify

) D(U) @ DL(U) — DL (U)
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with
)+ Osrex(n )[R @ O rex (M U)([A]] = Ogrex (= U)[[1]-
The latter is determined by its restriction
() : Orrex(mU) @ Oy _pex (w7 1U) = Oy _rex (7 U)[[H].
The following is the key observation:

Lemma 2.2.8.1. For eachn € Z, k € Z4 there is a finite order (bi)differential operator
Poi(.,.) € Dy—1pypyp—1y such that the map

(n) OJOOT*X(TF_IU) & OJOOT*X(W_lU) — OJOOT*X(W_lU)[[hH'
18
amb=">_ W P(a,b).
k>0

We postpone theAproof of this lemma until sect. 2.2.9 and quickly conclude the con-
struction of A(r~1D}). For each f € Oy 7+ x (77 1U) we define

(2:2.9) () Oserx(n'Uf) @ Oporex (n7'Uf) = Oy e x (n Uy [[A]]-

by extending the differential operators of Lemma 2.2.8.1 to the indicated localization
via (2.1.5). The Borcherds identity (2.2.3), being an identity satisfied by differential
operators, is preserved upon localization. Hence the assignment

7T_1Uf — OJOOT*X(TF_IUf)

defines a sheaf of ii-adic vertex algebras over 71U that localizes W_lﬁgél(ﬂ'_lU ). Denote
it temporarily by A(ﬂ_lﬁ%)fl(].

Furthermore, upon the performed identification the patching of various @%L(U ) into
a sheaf over X is also defined by means of differential operators, see sect. 2.2.6, which
means that the same gluing functions patch various A(W‘lﬁ%‘)wﬂlj into a sheaf of A-
adiv vertex algebras over J,T*X. This is the looked for A(ﬂ_lﬁg?). By construction,
A(ﬂ'_lﬁg(b) / hA(ﬂ_lﬁg?) is isomorphic to Oy _r-x as a vertex Poisson algebra. This
proves

Theorem 2.2.8.2. The above constructed sheaf of h-adic vertex algebras, A(ﬂ'_lﬁg(b),
is a quantization of Oy _1+x.

2.2.9. Proof of Lemma 2.2.8.1. A convenient way to encode all products of two elements
A, B of a vertex algebra is provided by the OPE:

A w
A(z)B(w) ~ Z %

ne’l

Now suppose in the situation of sect. 2.2.6 all 3-forms o = 0. Then the vertex subalegbra
of D%L(U ) generated by the coordinates z;,0; is described by Lemma 2.2.6.1. This is
what V.Kac calls “free field theory,” [I{] p.88, and in this case the OPE is easily computed
via Wick’s theorem, [I<] p.87, as the sum over “contractions.” We symbolically record
it thus:
contr(A(z)B(w))

(Z _ w)qﬁ(contr)
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A formal application of the Taylor theorem then gives

0 2 —w l
G o contr(A(:)|s—o B(w)),

contr(A(z)B(w)) ~ N

=0

hence the OPE. The point of this quick reminder is that the contracted field contr(A(z)B(w))
is a certain bidifferential operator applied to the pair of arguments A and B — an elemen-
tary fact following from the definition; we leave it as an exercise for the conscientious
reader. Likewise, 0, is a differential operator, in fact, a vector field equal to the infinite
sum of expressions such as (0™ 12)9/9(0™x).

Furthermore, if we collect the summands in Wick’s theorem with a fixed number of
contractions, then for the h-adic version, ﬁ%‘(U), we obtain

A(2)B(w) = Z 1k Z contr(A(z)B(w)).

t
k=0 k-fold contr (Z a w)¢(con )

where contracted field is given by a differential operator of finite order.

The entire algebra Dg? (U) is not quite generated by the indicated fields and is not a
“free theory”, nevertheless it is rather clear that the same formula applies if one chooses
the ordering as we did in (2.2.5).

Finally, to get rid of the restrictive condition that o = O,Apick a point p € U and
restrict to the formal neighborhood of a point p, i.e., embed D (U) into DS (Usorm,p)-
The latter algebra is like the former except that all power series in x, not only Taylor
extensions of regular on U functions, are allowed. All the formulas recorded in sect. 2.2.6
make sense upon this completion, hence ﬁg?(Uformm) is an h-adic vertex algebra and
ﬁg?(U ) — ﬁgél(Uform,p) is an h-adic vertex algebra embedding. The advantage gained
upon completing is that in the bigger algebra « is exact. Picking 5 s.t. dB = a and
performing a change of variables 0; — 0 — 153, we get rid of o, see Lemma 2.2.6.1 (iv).
Therefore, the completed algebra is a (completed) free field theory, hence products in
it are given by finite order differential operators, hence their restrictions to ﬁ%‘(U) are
also. O

2.2.10. The above can be twisted so as to quantize the twisted jet-cotangent bundle
JIT* X, which we introduced in sect.2.1.5. Once again we place ourselves in the sit-
uation of sect. 2.2.6, where we have a CDO D$* defined by means of a covering {Us}
with a fixed coordinate system {z;,0;} and a closed 3-form &, on each U;. Now given
a Cech 2-cocycle {ag, B} with coefficients in Q_QX — Qi&Cl, we construct a new CDO, to
be denoted D%‘ B («, B); this is a key to Theorem 2.2.5.2(ii).

For this, tear Dg? apart and consider a bunch of CDOs, {Df]}:},the restrictions of
D$P to each chart. Next, redefine the (0)-multiplication on Df}; by letting (9;)(0)(9;) =
Ly; Lo, s + Lp;Lp; s and keeping all the other relations. This defines a new CDO over Us,
to be denoted by Df]}: Hag. In order to glue the pieces back together the gluing functions
must be adjusted, and the required adjustment is provided by another component of
our cocycle: over the intersection Ug N U; we compose the old transition functions with
the transformation

8,- — 8, + Laiﬂst-
The cocycle condition implies that these are vertex algebra isomorphisms (Lemma 2.2.6.1

(iv) is instrumental here) and, furthermore, these isomorphisms define a new CDO,
D@ (a, B).
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Now extend scalars to obtain D$:[h, i~!] and consider DS (A, A~ B A~ (o, B). It is
generated by a vertex algebroid V that fits into an exact sequence, cf. Lemma 2.2.6.1,

0— QL =V 3 Txh '] — 0.

Consider the subsheaf of D$[h, A=) B h~1(a, B) generated, as a vertex algebra, by Oy
and the preimage o~ !(Tx[h]h); this is a sheaf of vertex algebras over C[h]. Denote by
D;?’a’ﬁ its completion by positive powers of A. This is a sheaf of h-adic vertex algebras,
a twist of Dg? by the cocycle {ast, Bs}-

Now consider the twisted jet-cotangent bundle Jggﬁ T*X, sect.2.1.5, and the composite
projection

T JJSPTH X 5 TP X — X,

It is immediate to obtain a vertex Poisson algebra isomorphism

3 h7 7/3 N h? 75 ~
(2.2.10) DYDY — 10 jasgn i

This is analogous to o Lemma 2.2.7.1 and the proof is also: because of the choices made
— and the coefficient #~! in front of the cocycle — we obtain the “bracket”

(0:)(0)(0;) = hug, to,cs + B2(....),
the transition functions
51' — 5; + Laiﬂst + h( . .),

and it remains to take the coefficient of & in the former and the coefficient of 1 = A% in
the latter to get F*OJ&,BT*X.

The discussion in sects. 2.2.8 and 2.2.9 carries over to the present situation word for
word. We record, somewhat informally, the result as follows:

Theorem 2.2.10.1. Multiplications and transition functions on 77_173?’0"6 are bidif-
ferential operators and define by the formulas of sect. 2.2.8 a quantization of O jas..,

to be denoted by A(x~ D5 P).

X7

2.2.11.  We will unburden the notation by introducing
D¢ps = A~ DY), DLy = Al DY) @y C(h),

where we have suppressed the dependence on some of the data, such as the cocycle
{as, Bst}. The former is a sheaf h-adic vertex algebras over JWT*X, the latter is a
sheaf of asymptotic vertex algebras, sect. 2.2.1 over J“T*X. We would like to create a
reasonable framework for these objects by proposing the following working definition:

Definition 2.2.11.1. Let Y be a vertex Poisson scheme admitting an open cover {U,},
each U, being isomorphic to J5oV, for some smooth symplectic affine variety V., with a
symplectomorphism V, — T*C"™.

(i) A sheaf A of h-adic vertex algebras over Y is called an h-adic CDO if there is a
vertex Posson algebra isomorphism A/hRA — Oy .

(ii)A sheaf A of asymptotic vertex algebras over Y is called an asymptotic CDO if it
contains an h-adic CDO As so that A isomorphic to A> @cy) C((R)). As is called a
lattice of A.

Thus Dggh is an asymptotic CDO (ACDO) with lattice Dggh’z, an h-adic CDO.
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2.2.12. Let Y be a vertex Poisson scheme and A be an asymptotic vertex algebra with
lattice A> that is a quantization of Oy. Define a decreasing filtration

(2.2.11) AD - DF,ADF, 11 AD -+, where F,A={ac A:h"ac As}.
One has
(2.2.12) Unz FpA = A, NpezFr A= {0}, F,A/F1A— ROy y.

Furthermore, the prescription of sect. 2.2.2 defines a vertex Poisson algebra structure
on the graded object, Grp.A and one immediately notices an isomorphism

GrrpA = Oy ® C[ﬁ, ﬁ_l],
where C[h, h~!] is equipped with the obvious multiplication , 9 and (n)> = 0 being 0.

Definition 2.2.12.1. Given an a € A, let n be the greatest number such that a € F, A.
Define the symbol of a to be
o(a) =a mod F,;:1 A€ h"Oy_y.

2.2.13. To construct an ACDO Dg?ﬁ we needed to be given a CDO D%L. The two
sheaves are closely related. To formulate the result, denote by GHD%L C Dg? the sub-
sheaf consisting of those sections whose local presentations as elements of O, x, see
isomorphism (2.2.5), requires at most n vector fields ;. It is clear that this defines an
increasing filtration and the graded object is canonically isomorphic with O, x.

Now recall that D%‘ﬁ is a localization of (the pull-back of) D%‘, and the latter is
generated by a part of D%‘[h]; locally, the latter is generated by {0;}, the former by
{0; = hd;}, cf. sect.2.2.7. Hence a tautological undoing morphism

DY — DY
locally defined by 0; — h_lgi.
Lemma 2.2.13.1. There is a morphism

b W_ID%L = Dggﬁ?
locally defined by 0; — h—l(“/?\i. This morphism preserves all multiplications, L(a)(n)L(b) —
t(a(myb), and filtrations, L(?T_lGn'D%L) C F_np%z’h.
Proof: obvious.

Corollary 2.2.13.2. A vertex algebra morphism V. — I'(X, Dg?) lifts to a morphism
V = T(JoT* X, DY)

2.3. Hamiltonian Reduction.

2.3.1. Let X be a smooth algebraic Poisson variety which carries a Poisson action
of a connected algebraic group M. By this we mean that the associated Lie algebra
morphism m ©f Lied — ['(X, Tx) lifts to a Lie algebra morphism
(2.3.1) w:m— I'(X,Ox)
known as a dual moment map. Dualizing we obtain the moment map, a Poisson scheme
morphism,
(2.3.2) ph e X — m

For each character y € (m*), the scheme-theoretic preimage (*)~!(x) C X carries
an action of M. We will assume once and for all that (u*)~'(x) is an M-torsor, by
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which we mean that at least locally the action affords a cross-section. Then we obtain
a quotient (p*)~!(x)/M and a projection

(2:3.3) P ()70 — (W) TH00 /M.
If x is a regular value for the restriction of u* to each symplectic leaf of X and

()"t (x)/M is smooth, then (u*)~1(x)/M is canonically a smooth algebraic Poisson
variety, known as the Hamiltonian reduction of X, cf. [Va], Theorem 7.31.

2.3.2. Kostant and Sternberg [I{S], inspired by Feigin [Feig], have suggested the fol-
lowing cohomological interpretation of the Hamiltonian reduction. Consider A(m @ m*),
the Poisson algebra introduced in sect. 2.1.6, and then Ox ® A(m & m*). It is a (sheaf)
Poisson algebra, and it contains a special and well-known globally defined element:

(23.4) dy = S (ulms) — x(m)) @ 67 — 5 310 chionsio],
i ijk

where {m;} is a basis of m regarded as our Lie algebra (hence purely even), {¢;} and
{¢r} are its copy and its dual inside A(m @ m*), hence odd, and {cfj} are the structure
constants relative to the chosen basis. The operator {dy,.} € End(Ox ® A(m & m*)) is
a degree 1 differential and a derivation. Hence for each open U C X the cohomology
Poisson algebra HC}X(OX(U) ® A(m @ m*)) arises. Denote by ’H:lX(OX ® A(m & m*))
the sheaf associated to the presheaf U +— H[;X(OX(U) ® A(m @ m*)). We would like to
compare two Poisson algebras, p*”ng (Ox @ A(m@m*)), p having been defined in (2.3.3),
and O(,«)-1(y)/nm that arises under the extra regularity assumptions made in sect. 2.3.1.

We shall say that the sequence {u(m;) — x(m;)} is reqular if for any = € (u*)~ () it
defines a regular sequence in the local ring Ox .

Theorem 2.3.2.1. (c¢f. [KK5]) If the sequence {u(m;)—x(m;)} is regular, then HZX(OX(@
A(m @ m*)) = 0 unless i > 0. The sheaves Héx((’)x ® A(m @& m*)) are supported on
()Y (x) and there is an algebra isomorphism

p<Ha (Ox @ A(m @ m*)) = Ofe)-1(3)/m1-

Furthermore, this is a Poisson algebra isomorphism provided x is a reqular value for the
restriction of u* to each symplectic leaf of X and (u*)~ (x)/M is smooth.

Remark 2.3.2.2. Since p*”HgX(O x @ A(m @ m*)) is automatically a Poisson algebra, this
cohomological construction is a slight extension of the usual geometric one recalled in
sect. 2.3.1.

Since the argument proving Theorem 2.3.4 will reappear in one form or another in
this note, we will now give a

Proof: the question is local so we can assume that we are dealing with a U C X so that
the defining ideal of (11*) 1 (x)NU is generated by the regular sequence {1 (m;) —x(m;)},
and that the action of M admits a cross-section S. The complex (Ox(U) ® A(m &
m*),{dy,.}) is given a bi-grading and a filtration by writing

Ox(U)@Amaom)" = P Ox(U)@AP(m*) @ A~(m),
p+g=n
FP(Ox(U) @ A(m ®m*)PT) = B Ox (U) ® AP (m*) @ A~ (m),
i>0
Thus we obtain a spectral sequence {E77, d,} = Hy (Ox(U) ® A(m & m*)) such that
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E§? = Kq({n(mi) — x(mi)}, Ox (U)) ® AP(m*), where Kq({p(mi) — x(mi)}, Ox (U))
is the Koszul complex of Ox (U) w.r.t. the sequence {u(m;) — x(m;)};

EV" = CP(m, HEo#({p(m;) — x(my)}, Ox (U))) is the standard Chevalley complex of
m with coefficients in the Koszul cohomology;

ES" = HP(m, HEO%({pu(m;) — x(ms)}, Ox (U))) is then the cohomology of m with the
indicated coefficients.

It is now clear what happens: If (u*)~!(x) N U is empty, then the Koszul cohomology
vanishes, and this proves the first assertion. Otherwise, the sequence {u(m;) — x(m;)}
being regular, the Koszul cohomology equals the algebra of functions on (u*)~(x) N U
sitting in degree 0, which proves the second assertion. This also implies that the spectral
sequence collapses in {EY?}. Furthermore, ESO is the algebra of m-invariant functions,
O(M*)A(X)((u*)_l(x) NU)™, hence the commutative associative algebra isomorphism of
the theorem. Checking that this is also a Poisson algebra isomorphism is routine and
left to the reader. O

2.3.3. Here is an obvious jet scheme version of sect. 2.3.2 obtained by repeatedly replac-
ing various objects with their jet scheme versions, cf. Corollary 2.1.3.3. The moment
map (2.3.2) engenders a map of vertex Poisson schemes

(2.3.5) 1 T X = Jeom®,

hence a map of vertex Poisson algebras

(2.3.6) fiso : §* (M@ CE YY) = ClJaem’] — D(Joo X, Og x).

Consider the vertex Poisson algebra O;_x ® AY"(m @& m*), where AY"!(m @ m*) is
the vertex Poisson algebra we intoduced in sect. 2.1.6. Note that since the projection
JooY — Y induces a canonical embedding Oy — Oy, the algebra Ox ® A(m @& m*)
is canonically a subalgebra of O _x ® A" (m @ m*), and so the restriction of pio to
m coincides with p. Hence O x ® AY"*(m & m*) acquires a globally defined element
dy defined by the familiar (2.3.4). This operator (dy) () is a derivation ( a consequence
of (2.1.3) with m = 0) and a differential, (dx)?o) = 0. Furthermore, O;_x ® A""(m &
m*) is graded by giving IIm* degree 1 and IIm degree -1. Therefore, for each U C

Joo X, a cohomology vertex Poisson algebra, H;z/2+.(OJOOX(U) ® A"H(m @ m*)), is

defined. Denote by 7-[;?(/ 2+.(OJOO x ® A" (m ® m*)) the sheaf associated with thus

defined presheaf.
Projection (2.3.3) determines

Poo + Joo (1) 71 (X) = Joo ()M (0)/M),
which, under the assumptions of sect. 2.3.1 is a JyM-torsor. Here is an analogue of
Theorem 2.3.2.1:

Theorem 2.3.3.1. Let X be a locally complete intersection algebraic variety, (u*) = (x)
be a reduced irreducible algebraic variety with rational singularities, and the sequence
{(m;) — x(my;)} be regular. Then:

(i) For each affine open U C Joo X, H;i/2+i(0JwX(U) ®@ A"'(m @ m*)) = 0 unless
1> 0.

(ii) For each affine open U C JuX s.t. UN Joo(p*) "1 (x) = 0, H;i/2+i(OJOOX(U) ®
Avert(m R m*)) =0.

(111) H;?(/2+i(0joo)( @A (mem*)) = 0 unless i > 0 and Hz/2+i(0JOOX @A (m®
m*)) , i >0, is supported on Joo(p*) " (x).
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(iv) If U C Joo X be an affine open subset, then
H (O ex @ A (m e m)(U) = Hy* (0, x (U) @ A" (m @ m")),
(v) There is a vertex Poisson algebra isomorphism

oo*HOO/2+O(OJ X

)

® A”ert(m ® m*)) ; OJoo((/J*)il(X)/M)'

Remark 2.3.3.2. Note that the familiar assumption that X be smooth has been relaxed
to include all locally complete intersections. This generality will be needed when dealing
with W-algebras.

2.3.4. Proof of Theorem 2.3.3.1. It is a straightforward variation of that of Theorem 2.3.2.1.

We replace S, M with JooS, JooM (resp.). The defining ideal of (uZ,)"1(x) NU is
generated by a collection of functions that consists of {u(m;) — x(m;)} and all of its
“differential consequences” {9"(u(m;) — x(m;))}. Then Propositions 1.4, 1.5 and The-
orem 3.3 of [Mu] imply that the order m-jet scheme J,,,(1*)~1(x) is an irreducible and
reduced complete intersection for each m. This implies that {9 (u(m;) — x(m;))} is a
regular sequence.

The complex (O, x @ A" (m@dm*), (dy) (o)) is bi-graded by assigning IIm* bi-degree
(1,0), IIm bi- degree (0,—1). Thus a spectral sequence {EF?(U),d, } arises with

EM(U) = K ({0™(u(m;) — x(mi))}, O x (U)) @ AP(m*[t~1¢71), the Koszul complex
of Ox(U) w.r.t. the sequence {0™(uu(m;) — x(m;))} tensored with AP(m*[t=1]¢t~1);

EVI(U) = CP(mlt], HEo=({0™ (1u(ms) — x(mi)) }, O o x (U))) is the standard Chevalley
complex of m[t] with coefficients in the Koszul cohomology;

B3 (U) = HP(mlt], HF ({0 (1(mi) = x(mq)) }, O x (U))) is the cohomology of ml¢]
with the indicated coefficients.

Note that in this infinite dimensional situation the bi-grading introduced is infinite
and the convergence of the spectral sequence requires justification. Note that O _x ®
AYet (m @ m*) is the structure sheaf of the jet superscheme J (X x T*IIm). The natural
projection Juo(X x T*Im) — X x T*IIm makes O;_x ® A" (m & m*) into a sheaf
of Oxxr+iim-modules. This sheaf is graded by “the number of times the canonical
derivation 0 is applied”:

OJooX ® Avert(m ® m*) _ @ (OJOOX ® Avert(m ® m*))n
n=0
It remains to notice that this direct sum decomposition is preserved by the differ-
ential, and each graded component has a bounded cohomological bi-grading. Hence

{EP(U), dy} = HZ* P90, x (U) @ A" (m @ m*)).

The Koszul cohomology vanishes if (uf,)"'(x) N U is empty and equals
O -1 (i) "H(x) N U) sitting in degree 0 otherwise. Therefore the spectral se-
quence collapses and ESO picks the algebra of m[t]-invariant functions.

This proves items (i, ii,iii, v) of the theorem. Let us now do item (iv), a convenient
computational tool. Consider {€7?,d,}, a sheaf-theoretic version of {EX(U),d,}, where
EP? is the sheaf associated to the presheaf U +— EF?Y(U). For each U there is an obvious
morphism of spectral sequences

{BP(U), dy} = {€P(U), d, }.
Furthermore, as we have seen, EY(U) = Otz y1(x0) ((150)~ L(x)NU), therefore EX(U) =
O(H;O)A(X)((ugo)_l(x) NU) too. Hence an 1som0rph1sm

(2.3.7) ES(U) = &%),
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Now notice that there is a canonical morphism

(2.3.8) Hy/*"(0,,.x(U) @ A" (m @ m*)) — H >0,

oo

x ® A" (m @ m")(U).

It induces a morphism of the graded objects
(2.3.9)

GTH;z/2+O(OJ

(oo}

x(U) ® A" (m @ m*)) — GrHy > (0,

oo

x ® A" (m @ m")(U).

x®

A"t (mem*)) = £, Isomoprhism (2.3.7) implies that (2.3.9) is an isomorphism, hence
so is (2.3.8). 0.

As we have seen, GrH /(0. x (V)@ A" (mam*)) = ES(U) and Grig > (0,

oo

2.3.5.  We wish to quantize the discussion of sect. 2.3.3. The* chiral Hamiltonian re-
duction” carried out in Lemma 2.3.3.1 is a passage from O, x to O _(u=)-1()/m)- A
quantization of the former, an asymptotic vertex algebra A, see sect. 2.2.2, is assumed
given. A quantization of the latter, which a priori does not have to exist, will be defined
by quantizing the cohomology sheaf ’ng (Or.x® A”ert(m ®m*)) or rather the complex
(Orex @ A" (m @ m*), (dy)(gy); this is known as the “BRST approach to quantiza-
tion.” A quantization of the vertex Poisson algebra AY*"!(m @ m*) is C1*"t(m & m*)p,
see sect. 2.2.4. Thus we obtain A ® C1*"!(m & m*), where the tensoring is C((h))-linear
and completed by positive powers of A, and what one really needs is a chiral moment
map, a quantization of (2.3.6 ).

One important assumption we need to make in order to proceed is that M be unipotent.

Let V(m) be the vertex algebra attached to m, a well-known quantization of the
vertex Poisson algebra S®(m® C[t~1]t™1), cf. sect. 2.1.4; note that m being nilpotent no
central extensions/charges are involved. V(m) carries a standard increasing filtration,
{G,V(m)}, so that GrgV(m) = S*(m @ C[t~'|t~1). Given v € G,V (m) \ G,_1V (m),
denote by o(v) € S™(m ® C[t~1]t~1) its symbol.

A also carries a filtration, albeit a decreasing one, {F, A}, see sect. 2.2.12, hence so
does I'(J X, A).

Given map (2.3.6 ), define a chiral moment map to be a vertex algebra morphism (cf.
[KR], sect.2.4.1)

(2.3.10) teh, 2 V(m) = T'(Jo X, A)
so that
(2.3.11) fen(GnV (m)) C F_pI'(Joo X, A), 0(pen(v)) = poo(o(v)),

see Definition 2.2.12.1 in regard to symbol o(.) on the left.
Consider the vertex algebra A @ C1V"t(m & m*);. It is graded by giving [Tm* degree
1 and ITm degree -1. Given a chiral moment map, we obtain a globally defined element

(2312) ' = 3 (enlma) — b x(ma)) © 65 — 5 S @ ey (b)) (67) ) (6)).
i 0.5,k

The meaning of qg and qg* is one explained in sect. 2.2.4, and so this element is an obvious
quantization of (2.3.4).

Note that since m; € G1V (m), pen(mi) — A tx(m;) € F_1T(Joo X, A).

The operator (d;h)(o) is a derivation and a degree 1 differential of A® C1"*"(m @G m*);
that these properties quantize is also a consequence of m being nilpotent. Denote by
1o (A ® Cl'""(m & m*);) the sheaf of asymptotic vertex algebras associated with

ch
dX

the presheaf U +— HOO/2+'(.A(U) ® C1Y" (m @& m*)p).

ch
dX
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Theorem 2.3.5.1. Under the assumptions of Theorem 2.5.3.1,
(i) for each affine open U C Jo X, H;f,{zﬂ(A(U)®C’l”e”(m®m*)h) =0 unless i > 0;
X .
(ii) for each affine open U C JooX s.t. U N Joo(u*) 1(x) = 0, H;;h/zH(A(U) ®
Clvert(m P m*)h) — 0}.
(iii) Hoo T (A@ Clrert(m@m*)y) = 0 unless i > 0 and Hool T (A© CI (mam*)y),
X X
i >0, is supported on Joo(1*) " (x);
(i) if U C JX is an affine open subset, then
00/240 vert * 70 /240 vert * .
H (AR CI"*"* (maem™),)(U)=H (A(U) @ CI°" (m @ m*)p);

dgh T dg
(v) poo*Hsj,{2+0(u4 ® CI""™(m @ m*)p) is a quantization of O ((uw)-1(x) /M), and
X
pOO*,Hoo/2+Z(A ® Clvert(m o m*)ﬁ) =0ifi+#0.

ch
dX

2.3.6. Proof of Theorem 2.3.5.1 (i,ii,iii). For each open U C Joo X, A(U) @ Cl*"'(m &
m*); is an asymptotic vertex algebra, hence it carries a filtration, Fy(A(U) ® C1*"!(m &
m*);), by powers of A, that we intoduced in sect. 2.2.12. This filtration is obviously
preserved by the differential, and so a spectral sequence, { E¥?(U), d, }, arises. We have

(B5(U), do) = TP (0o x (U) ® A" (m & m*)"T (dy) q))-

This is simply because the whole construction is a quantization of the differential graded
vertex Poisson algebra (O, x(U) @ A" (m @ m*)P*9, (dy)(p)). Therefore

(EY(U), do) = WH P10, x (U) @ A (m & m")).

The spectral sequence does not really converge to H;;,{ 2+.(.A(U ) ® ClYt(m & m*)y),
but it does for some U and in any case the i-adic completeness of A(U)®@C1Y"t (mdm*),
allows one to derive properties of H;;,{2+.(A(U)®Cl””t (m@&m*)y) from Theorem 2.3.3.1.
For example, one has
(2.3.13)

H(?;’/ 01x(U) @ A (m & m")) = 0 = H;’;,{ TAWU) @ CI™ (m & m*)p) = 0.

Indeed, assume given a € Fy (A(U) @ C1"*"'(m &m*)}) that is annihilated by (d;h)(o).
The assumption guarantees the existence of by € Fn(A(U) ® Cl1**"(m & m*);™!) s.t.
a— (d;h)(o)bo € Fn41(A(U) @ Clvr(m & m*)i). An obvious induction will give then a
sequence {b;} s.t. b; € Fn4j(A(U) ® CI"™(m & m*); 1) and

a— (dfch)(o)(bo + oo+ b)) € Fnpma1 (AU) @ CIY"H(m @ m*)3).

Therefore
a = (d;h)(o) Z bj.
=0

Assertions (i) and (ii) now follow from the respective assertion of Theorem 2.3.3.1, and
(iii) is a consequence of (i) and (ii).
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2.4. Proof of Theorem 2.3.5.1 (iv). Along with {EF?(U),d,} consider its sheaf ver-
sion, {EF,d,.}, where EF? is the sheaf associated to the presheaf U +— EFY(U). There is
an obvious morphism of spectral sequences

{EPUU),d,} — {E24(U), d, }.
Theorem 2.3.3.1 (i) implies that
EPP(U) = Kerd, C B> P(U).
Likewise .
EPTP(U) = Kerd, C EVP(U).
Note that by Theorem 2.3.3.1 (iv, v)
GBI (U) = Oy )1 00y (U NV Joo (1) 7H () /M) [, 11,
hence
€T T (U) = Oy 100/a (U N oo (1) ™) /M) [, B,

too. Therefore, the initial terms of the 2 spectral sequences coincide; hence so do all of
them. Thus we obtain:

(2.4.1) Np2, Kerd, = N3, Kerd,.

The relation of all of this to the problem at hand is as follows. There is a natural
morphism

(242) HOO/2+O(.A(U) ® Clvert(m @ m*)ﬁ) . fHOO/Q—i-O(A ® Clvert(m e m*)ﬁ)(U)

dgh dgh
It engenders a morphism of the graded objects

(2.4.3) GrHZPTO(AU) @ I (m e m*)p) — GrHC (A CI (m & m™),) (U).

dgh dgh
Analogously to (2.3.13) one verifies that
H N0 x (V)@ A (mam*)) = 0 = GrH M (AU)@C1 (mdm*)y) = (22 Kerd,.

dgh
Likewise
HYH 05, x(U)@A™ (mom*)) = 0 = GrH > (ACI (mdm*);) = N Kerd,.
X

Thanks to the vanishing H;ip_l(OJOOX(U) ®@ A"'(m @ m*)) = 0, (2.4.1) implies that
(2.4.3) is an isomorphism, hence (2.4.2) is also, as desired.

2.4.1. Proof of Theorem 2.5.5.1 (v). Consider the projection pso : Joo(u*)~'(x) —
Joo ()71 (x)/ Jso M. We have assumed, see sect. 2.3.1, that each point of Joo (1*) ™1 (x)/Joo M
has a neighborhood, V', over which this projection trivializes to become V' x J,oc M — V.
Pick U C JooX so that U N Joo(p*) "1 (x) = V x JooM. For such U our spectral se-
quence converges and, in fact, collapses in E?. Indeed, it follows from the proof of
Theorem 2.3.3.1 that

EY(U) = WPHP Y (m[t], O x(V x JuM)).
By definition,
HM (], 05 x(V X JoM)) = Oy (1100 gt (V) @ HEH (T M).

Since M is unipotent, the de Rham cohomology H %J;{I(JOOM ) = 0 unless p+¢ = 0. Hence
the spectral sequence collapses. Its convergence is proved by the inductive argument
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completely parallel to the one used to prove (2.3.13). Hence an isomorphism (where
Theorem 2.3.5.1 (iv) is used)

00/240

Grpocs (A& CI" ™ (m @ m*)n) = Oy ()1 () /Jee i [P 1],

compatible by construction with the vertex algebra structure, and the vanishing of higher
cohomology. This completes the proof. O

3. W-ALGEBRAS

Throughout this section, g will denote a simple complex finite dimensional Lie algebra,
(.,.) a fixed once and for all invariant inner product, hence an identification g — g*.

3.1. Set-up.

3.1.1. Let a nonzero f € g be nilpotent. Include it into an sla-triple, {f, h,e}, where
le, f] = h, [h,e] = 2e, [h, f] = —2f. Eigenvalues of adh define a grading g = @;g;. The
space g1 carries a symplectic form

w:gr®g —C,axbw (f,a,b]).

Choose a Lagrangian subspace [ C g;. Denote by m = m; the subspace l@(@i22 gi) Cg.

It is a nilpotent Lie subalgebra, and y def (f,.) € m* is a character. Denote by M the

unipotent group with Lie algebra m.

One finds oneself in the situation of sect.2.3.2, and here we follow the remarkably
lucid [GG:

g* is a Poisson manifold;

the (restriction of the) coadjoint action M x g* — g* is Poisson;

the moment map is the obvious restriction map p* : g* — m*, the dual moment map
is an embedding p : m < g;

()7 = f+mb

the M-space f + m™* has the Slodowy slice S = f + g° for a cross-section, i.e., the
action of M defines an isomorphism of algebraic varieties

(3.1.1) M xS — f+mt.

It follows that S is a Poisson smooth algebraic variety. If A is the nilpotent cone,

then S %' SN A is a Poisson subscheme of S, in fact, a reduced, irreducible, normal

complete intersection [Pre].
Note an equivalent point of view: A is a Poisson variety Poisson acted upon by M
of which S is the Hamiltonian reduction w.r.t. character (f,.).

3.1.2.  For the rest of this note, X will stand for the flag manifold of g. The natural
Lie algebra morphism g — I'(X, Tx ), upon extending to an algebra morphism S°g —
S°T'(X, Tx), determines a morphism of algebraic varieties

T*X — N C g,

known as the Springer resolution. Denote by S the preimage of S under this map.

Note that both 7 X and A are Poisson varieties carrying a Poisson action of M, and
the Springer resolution obviously respects both these structures. It follows that S is the
Hamiltonian reduction of 7*X w.r.t. (f,.) and the natural map

(3.1.2) d:5 =8,
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is a symplectic a resolution , [GG], Proposition 2.1.2. Since S is normal, we obtain a
Poisson algebra isomorphism

(3.1.3) % : C[S] — T'(S,05).

Lemma 3.1.2.1. S is an irreducible reduced rational singularities complete intersection
scheme.

Proof:

since (3.1.2) is a symplectic resolution, it is a crepant resolution [Fu], Proposition 1.6;

existence of a crepant resolution implies S has canonical singularities, by definition;

being a complete intersection, hence Gorenstein, S has canonical singularities if and
only if it has rational singularities, cf. [Mu], discussion after Theorem 0.1;

that S is a reduced, irreducible complete intersection is the above cited result of
Premet. O

3.2. W-algebras, finite and affine.

3.2.1. Considerations of sect. 3.1.1 and 3.1.2 give us a collection of Poisson algebras,
Clg*], C[S], C[S], I'(S, Og). Hence (Lemma 2.1.3.1) a collection of vertex Poisson alge-
bras C[Jaog*], C[JxS], C[JxS], T'(JxoS, O;_g)- Let us discuss quantizations of these 8
algebras.

Quantization of Clg*] is, of course, the universal enveloping algebra U(g). Quanti-
zation of C[S] was found by Premet [Pre]; this is a finite W-algebra attached to g and
f € g to be denoted W/ (g, f). (To be fair, the construction makes a choice of I C g,
sect. 3.1, but the result is known to be independent of the choice [G(].) One possible def-
inition [G(G] uses the Hecke algebra philosophy: consider the generalized Gelfand-Graev
module, Hy = U(g) ®ym) Cy, x = (f,.), and then put wihin(g, f) = EndPPHy.

The latter definition suggests a simple way to quantize C[S]. We have an obvious
algebra morphism Z(g) — W/ (g, f) and for any character v € MaxSpecZ(g) we
let W™ (g, f) be the quotient of W/ (g, f) by the kernel of v. Each W!™(g, f) is a
reasonable quantization of C[S], especially Wy"" (g, f).

The problem of quantizing F(S’ ,Og) is what the machinery of asymptotic differential
operators was invented for in [IKKR]; we will not be talking about it as we are focused on
its chiral analogues.

3.2.2. To the jet scheme versions. We shall now propose a novel approach to affine W-
algebras based on asymptotic vertex algebras to be compared later with the previously
known one due to Kac, Roan, and Wakimoto [[KRW]. As a quantization of C[J,.g*]|, we
choose Vk(g) Vi see sect. 2.2.3; note the appearance of the central charge k. Now notice
that according to sect. 2.3.3 C[JS] can be written as Hsz/2+0((C[Joog*] @AY (mem*)),

the Oth cohomology of the Hamiltonian reduction complex (C[Jxg*]| @AY (m@m*), d, ),
x = (f,.). Quantization of this complex is immediate and analogous to what we did in
sect. 2.3.5. Define the chiral Hamiltonian reduction complex to be

(3.2.1) (VE(g) @01 (m @ m*)y, (d5) o)),
dfr =3t mi = (fma)) ® 6 — 3 35,51 @ € (0r) (1) (6] -1y (),

of. (2.3.12).
We then define an affine asymptotic W-algebra to be

WE(, ) s = Hoo PO (VE(8) 56 C17 (m @ m*)p).

ch
dX
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Quantization of C[J4,S] is dealt with analogously. If the central charge k = —h", then
V*(g) acquires a big center 3(g) C V¥(g), [FF'2]. The vertex algebra 3(g) is Z-graded,
cf. sect. 2.2.5: 3(g) = ®n>03(9)n with 3(g)g = C1. We introduce 3(g)+ = ®n>03(9)n.
The Subspace (3(9)+ ) ~h(g) € V7" (g) is a vertex ideal and we define a vertex

algebra V=" (g)o = (g)/(;,(g)Jr)(_l)V_hv (g). Likewise one obtains an asymptotic
version V" (g) 7+ Define

e, )y = ;:’,{2+°<vo—hv () ECI (m @ m*)y).

Lemma 3.2.2.1. (i) H;f,{2+Z(Vk( ) rQCT (m @ m*)p) = 0 if i # 0 and Wk(g,f)\/ﬁ
X
is a quantization of C[JxS].
(i1) H;fh/%'l( O_hv (9) 7RO (m @ m*);) =0 if i # 0 and Wo_hv (9, f) 5 is a quan-
tization of ClJsoS].
Proof. Since S is smooth and a cross-section for the action of M, see (3.1.1), item (i)

is an immediate consequence of Theorem 2.3.5.1(v) with X = g. The same argument
works in (ii) if we let X = N, cf. the end of sect. 3.1.1, thanks to Lemma 3.1.2.1. O

Remark 3.2.2.2. Asin [A3], we see that the natural map 3(g) — W™"" (g, f)7 1s injective
and that Wo(g. ) 5 = W™ (0. 1) v/ (@) ) coyW ™" (8. ) s

3.2.3. In order to define vertex algebras W¥(g, f) and Wo_hv (g, f), i.e., to get rid of
h, one has to introduce a C*-module structure on the chiral Hamiltonian reduction
complex. For ¢t € C* consider the assignment

(322) &yl 22 yl, v =1, h Pha € g, € (mam*) C CI"'(mam).

It is clear that this extends to an automorphism of (V*(g) \/5®Cl”e”(m @ m*);) to be
denoted p(t)

Next, if h is the element of the slo-triple introduced in sect. 3.1, then adj is a di-
agonalizable derivation of g that preserves m C g. For this reason, h extends to a
diagonalizable derivation of (V*(g) \/E®C [Vt (m @ m*)p;). Furthermore, it is easy to see

that t~"p(t), unlike p(t), respects the differential dS".
Define a group homomorphism

C* — Aute(VF(g) #OCI™ (m @ m*)p, (d")())s >t "p(t).

All of this is but an extension of the celebrated Kazhdan filtration to the asymptotic
vertex algebra situation, cf.[G(G], but notice that what was a filtration has become a
C*-action thanks to i. This is a beautiful idea of Kashiwara and Rouquier [KR].

Now introduce

WE(g, £) = WE(e, )55 Wo " (8, 1) = W™ (0. /)5

A priori these are subalgebras of asymptotic vertex algebras and may contain infinite
sums, but in fact one has:

Lemma 3.2.3.1. Wk(g, f) = Wk(g,f)% and Wo_h (g,f) = (g f) JF are vertex
algebras.

Proof. Lemma 3.2.2.1 implies an isomorphism of C*-modules

W, f) /5 — ClIS]((R)),
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where the action of C* on the r.h.s. is determined by the Kazhdan grading of C[S], see
(GG, 4.1,4.2. In fact, one defines the action of C* on the entire C[J,g*| by the same
assignment ¢ +— t~"p(t) except that now it is stipulated that p(t)r = t?z, z € g; cf.
(3.2.2). This action descends to C[S] and defines the Kazhdan grading.

Denote by C[JxS](n) C C[JxS] the component corresponding to the character ¢ +— ™.
Then one has, by the definition of the asymptotic vertex algebra,

W, f) = T[ ClJaSI(m)a™"72,
n<+oo

where the symbol [], _ . means only those infinite sums anh™?, a, € ClJxS](n)
are allowed where a,, = 0 for all n sufficiently large. Now notice that since S = f + g°,
sect. 3.1.1, elementary representation theory of sly implies all weights of p are non-
negative integers; hence C[J5S](n) = 0 if n < 0. Therefore the above isomorphism
becomes

WH(g, f) — éC[JwS](n)h—"/?
n=0

In other words, extracting C*-invariants precludes the appearance of infinite sum, but
\ vV

this is what we had to prove. The case of Wy ", f) = Wy (g, f ) is done in exactly

the same way. 0

3.2.4. Kac, Roan, and Wakimoto define affine W-algebras attached to a not necessarily
even nilpotent element f differently. Their way of dealing with the fact that x = (f,.)
is not a character of g>1 is to adjoin an appropriate 3v-system rather than restrict to a
smaller subalgebra m C g>;. Let us recall their definition [[KXRW, KW]:

W (g, ficrw = Hy > O (VF (@)@ DEH(C)@ 01" (g1 @ g51)),

where r = dim g1 /2, and

Q= Z — ©)®0] __Zm% (6n) (1) (&) (~1)(€]))-

i3,k

Here, g>m = gm ® Gm+1 @ -+, cf. sect.3.1.1 , {u;} is a graded basis of g>1, {c -} are
the structure constants relative to the chosen ba81s, ®; = (f|u;) for u; € ga, ®; =0 for
u; € g>3, and {®;;u; € g1} is a set of strong generators of Dcr(C") of the form z, or
O s.t. @)@ = (f,[u;,us]). Note that the symplectic form w;, uj — (f,[ui, u;]) has
appeared in sect.3.1.1 .

Likewise, cf.[A3], Proposition 2.2,

Wi (@, fcrw = Hy* POV (9)@DE (CT)@CI™ " (g21 @ g%1)),

3.2.5.  We wish to show the equivalence of the 2 definitions. Since the definition of
sect. 3.2.3 is what we actually need and what arises naturally in the context of the
present work, we will be somewhat brief. Note that it is not obvious whether the
definition of of sect. 3.2.3 gives a quantization of J.S in a non-h-adic setting, because
argument of sec. 2.3.6 does not work without the f-adic completeness. Note also that
the equivalence of the 2 definitions proves that the definition of W-algebras given in
[KRW] is independent of the choice of the good grading, which is a fact remarked in
[DSK, Remark 5.4] without proof.

To begin with, we will introduce a new asymptotic vertex algebra that will serve as
an intermediary. Extensively used above is the Clifford vertex algebra CI1¢"'(V & V*).
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Likewise, given 2 vector spaces V and W with pairing (.,.) : V- x W — C one defines in
an obvious manner a vertex algebra C1¢"'/(V, W, (.,.)), a “skewed” Clifford algebra.
We will be concerned with this construction when V' = g%,, W = g>9, and (.,.) is
the natural pairing of g%, and g>1 restricted to g>2 C g>1. Denote the corresponding
skewed Clifford algebra simply by Clvert (951, 9>2).
Now consider Vk(g)\/ﬁ®Cl”e”(g*>l ® g>1)h It contains a subalgebra,
Vk(g)\/ﬁ®0l“e”(g*>1, g>2)n, and a familiar element

dch = Zn fg,>>®<z>z——21®c” o) (-1 (61 -1y (6)))-

1,5,k

It differs from its twin d;h in (3.2.1) only in that it is based on a bigger Lie algebra,
g>1; in particular, {g;} is a basis of the latter. Of course x = (f,.) € g%;, but it is not

a character and therefore (dCh) # 0. Nevertheless, it is a derivation (any v is), it

preserves the subalgebra V*(g) \[®C’l”e’"t(921, g>2)n, and its restriction to the latter does
square to 0 because of the fact that x is a character of g>2. Thus we obtain a differential

graded asymptotic vertex algebra (V*(g )W®Cl”e”(g*>l,g>2)ﬁ, (d;h)(o)) along with its
“reduced” version (Vo_h (9) OO (g% 1, 92)n, (d "))

3.2.6. The Kac-Roan-Wakimoto construction has an obvious asymptotic version:
(V*(9) 5 ODE (Ca@CI ™ (9518051 )1, Qn) or (Vo " (9) 50D (C)a@CI™ (921905 1)n, Qn)
that lead to
00/2+0 5 TG r ver *
(g f)KRW\/_ H, / - (Vk( )\/ﬁ/@,D(C@((C )h®0l t(921 @921))7),

W (8. ) g = H°°/ POV (g) 5O DE(CTRCI (51 @ ghy)n)-

The indicated differential graded asymptotic vertex algebras carry a C* action (defined as
in sect. 3.2.3) and the canonical filtration F' intoduced in (2.2.11). One has isomorphisms

(3 2. 3) Wk(g f)KRW\/_ —> Wk(gv f)KRW7 W()_hv (gv f)K*RW,\/ItL L> W(]_hv (gv f)KRW7
(824)  GrrHy " (V¥ (g) s&DEH(CR@C1 ™ (821 © 851)n) — ClwS]Ih, h7Y),

(3.25) GreHg!*"* (Ve (8) zODE (CTn@CI" (g1 & g51)) — ClJooS] R, 571,

The two latter isomorphisms follow easily from [A3], e.g., Proposition 2.3 in loc. cit.
We have a triple of subalgebras of g: g>2 C m C g>1. The natural maps g%, — m”
and g>o < m induce asymptotic vertex algebra morphisms

(3.2.6) VE(g) 50CI " (g1, 822)n — VE(8) 5 OC1 (m* @ m)p,
Vh Vh

(3.2.7) Vo " (0) g @01 (51, 92200 — Vo " (9) 5OCI " (m” @ m)p,

both of which are readily seen to respect the differentials.
Similarly, the embedding m < g>; induces differential graded asymptotic vertex
algebra morphisms

(3.2.8) VF(g) sOCI" (g%1, 822)n — VF(g) ODEH(CT)a@CT ™ (g1 ® 951,

(32.9) Vo™ (0) ys®CI " (851, 02200 = Vg " (0) 5@ DE(CECT" (921 © 8311
Theorem 3.2.6.1. The 4 morphisms (3.2.6-3.2.9) are quasiisomorphisms.
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Thanks to (3.2.3) the following is immediate:

Corollary 3.2.6.2.

WE(a, )i = W D e Wo ' (8 )i == Wo " (8. D) ke v

W, ) = WF(g, Ferw, Wo™ (8, F) > Wy (8, f i rw

Proof of Theorem 3.2.6.1. Begin with morphisms (3.2.6) and (3.2.7) . Consider the
induced morphism of graded objects

(3.2.10)
co/2+e & ~qvert [ % 00/2+e & ~ver *
GrFchih/ (VR () s OO (9%, g32)n) — GrFHdg(h/ T (VR(g) FOOIT (m* @ m)y).

Converging to each of these is the spectral sequence determined by the h-adic filtration
of the original complexes, the one utilized in the proof of Theorem 2.3.5.1. Furthermore,
morphism (3.2.6) determines a morphism of spectral sequences. The spectral sequence
for the r.h.s of (3.2.10) has been dealt with in Lemma 3.2.2.1: it collapses and gives
C[JsS][h, k] sitting in the cohomological degree 0. The computation of the spectral
sequence for the L.h.s of (3.2.10) can be derived in the same way as that for the r.h.s.
from Theorem 2.3.5.1 except that while in the latter case one uses the Gan-Ginzburg
isomorphism (3.1.1), the former is based on a similar and easy to verify isomorphism

M21XS;>f—|—gJZ_2.

The answer is again C[JS][R, A~!] sitting in the cohomological degree 0. Therefore
(3.2.10) is an isomorphism and so is (3.2.6). Morphism (3.2.7) is handled in exactly the
same way.

The argument on the Kac-Roan-Wakimoto side,(3.2.8) and (3.2.9), is similar. One
passes to the induced map of graded objects, and when dealing with the r.h.s. instead
of Theorem 2.3.5.1 one relies on (3.2.4) and (3.2.5). O

By [A3], Wy h (g9, f)xkrw is simple. Therefore, we have the following

Corollary 3.2.6.3. The vertex algebra Wo_hv (g, f) is simple.

3.2.7. To concludNe our discussion of various (asymptotic) vertex algebras involved, let
us quantize I'(JS,0; _g). It is known that chyo(X) = 0, therefore, Theorem 2.2.5.2,

X carries a CDO, which is unique up to isomorphism [GMS2]; denote it by D%L. We
obtain then, sect. 2.2.11, an ACDO Dggh with lattice Dggh?, cf. Definition 2.2.11.1,
and the chiral Hamiltonian reduction complex

(3.2.11) (DO (m @ ¥, (d57) (o)),
dt = i (uen(mi) = L5) @ 67 — § 30,51 1@ e (0n) (1) (7)1 (@)))-

By Theorem 2.3.5.1, the sheaf

ch def 0 c A ver *
(3.2.12) DL, = poo Hop T (DR ECI (m @ w)n), x = (f, )

ch
dX

is an ACDO and a quantization of O; 5. We wish to relate I'(JsS, Dg,hh) and 1/\/0_hv (g, f)-

3.3. Main result.
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3.3.1. The CDO D%‘ is known to carry an affine Lie algebra action at the critical
level, i.e., there is a morphism Vo_hv(g) — T(X,D$), [MSV, GMS2]. Hence, Corol-
lary 2.2.13.2, a morphism

(3.3.1) ¢: V5" (g) = T(JuT* X, D).

Note that its restriction to V(m) C V~"'(g) coincides with u®, by definition. In
particular,(3.3.1) gives us a Lie algebra morphism

b > = ag(h) ) + bo(e) ) + co(f) o)

a
where e, h, f is the sls-triple introduced in sect. 3.1.1.
By construction, this action is a lift of the canonical action on X. Therefore, it can
be integrated to give Dggh an S Lo-equivariant sheaf structure. Let
SLy > g+ y(g9) : DY (g~ U) = DLL(U), YU C JouT*X

be the map defining this S Lo-equivariant structure. We obtain then a C*-equivariant
structure by restricting as follows:

cseom=r((§ | )

The ACDO Dg? ; carries yet another C*-equivariant structure, one induced by the square

of the canonical C*-action on the vector bundle 7*X — X, meaning ¢-¢ = t2¢ for t € C*,
£ e Tx C Oy r=x. We assume given an atlas of X, where locally Dggh is generated by

sly — End(DS,), < T

functions and ‘coordinate vector fields’ {5@} subject to standard relations, see the proof
of Lemma 2.2.7.1 for explicit formulas. Now define

t-0; = t20;,t - h = t2h.
The formulas recorded in the proof of Lemma 2.2.7.1 show at once that this action
respects the relations and the transformation functions and, therefore, defines
C* >t po(t) : DY U) = DLY(U), VU C JoT*X.
It is clear that pi(t1) o pa(te) = pa(ta) o p1(t1), and we define the desired C*-action
T3t plt) < pr(t) 0 pa().
All of this is comletely analogous to sect. 3.2.3.

Note again that p(t)(h) = t2h. It is convenient to have h generate the identity
character {t +— t} of C*. To achieve this, extend the scalars and define

(3.3.2) D_ﬁ?\f = DY ®c(y) C(VR))

stipulating that p(t)(v/2) = tv/h. This notation is clearly ambiguous, but we will use it
for the lack of a better one.

3.3.2. Consider the chiral Hamiltonian reduction complex (D;? \/ﬁ®C’l”e”(m@m*) hs (d;h)(o)),

an obvious extension of (3.2.11) with the same differential. Define the C*-equivariant
structure

C* >t p(t)y@t™h . DC \/—( p(tHU)RCI ™ (m @ m*)), — D° \/—(U)®C’l”e’"t(m omh),
where h acts naturally on C1*"*(m @ m*). This makes I'(JT* X, D" J_@Cl”ert(m )

m*);) a C*-module, and it is easy to see that the differential d;h is C*-invariant.
(Note that a more obvious action p ® 1 does not do the job.) Hence the complex
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(DCh I®Cl”e”(m @ m*)p, (d$ h)( y) is C*-equivariant. Thus we obtain a C*-equivariant
structure on the cohomology 7-[;?,{2+.(D0h \/—®C [v"t(m @ m*)p;) and on
c def 00/240 /1 :~e S vjver *
(3.3.3) D = oo ’Hdc,{ DY FECI (m @ m)p),
of. (3.2.12).

3.3.3.  Morphism (3.3.1) extends to a morphism of the corresponding asymptotic vertex
algebras

on: Vo " (8) 5 = DT "X, DY 7).

and defines an obvious morphism of chiral Hamiltonian reduction complexes (3.2.1) and
(3.2.11)

Vo " (9) OCT (m @ m*), — T(Jo T X, DY FECI (m @ m")p).

Furthermore, an obvious comparison of sect. 3.2.3 and 3.3.1 shows that it respects the
C*-module structures.
The passage to the cohomology defines

W (8. ) s = Hogl (T X, DY p0C1 " (m @ m”)p),
(g, f) = H;;/?*O( (JooT" X, DY &CI (m & m*)))<".

The definition of chhh as the sheaf associated to the presheaf of chiral Hamiltonian
reductions, sect. 2.3.5, implies a morphism

H MO0 X, DY £ ECI (0 @ m*))) = DS, DL ).

Composing with the previous ones we obtain

(3:34) W (8. )y = TS DY) Wo™ (8, F) = TS, DG )
Here is the main result of this note:

Theorem 3.3.3.1. Morphisms (3.3.4) is an isomorphism.

3.3.4. Proof. Consider the natural composite projection 7 : JooT*X — T*X — X and
{U;}, an open affine cover of X. Denote by il the affine cover {7~1U;}. For any sheaf
A on J, X, denote by C*(4, .A) the corresponding Cech complex.

For any V(m)j-module M, let C°°/2+*(m, y; M) stand for the chiral Hamiltonian re-
duction complex (M &@CIP" (m@m*)p, (d;h)(o)); the familiar complex C'°/2+®(m, y; D" f)
will be of special interest for us.

Thus we obtain a bicomplex C*(&, C°/?*(m, x; Di? \/—)) Denote by

Hp (4, C°°/2+’(m,x;D§?\/ﬁ)) its cohomology w.r.t. the total differential. Define

the hypercohomology as usual

H/#40 (Jo T X, C%/%4* (m, x; DY

)) = lim Hzy (8,04 (m, DS )
Lemma 3.3.4.1. There exist isomorphisms

T(JoS,DF ) = PP T X, C 4 (m, ;DY o)) = Wo ™ (g, f)-
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Proof of Lemma 3.3.4.1. TFor each i, there are 2 spectral sequences, {‘EF?}
and {“EF’}, the former starting with (d$")q), the latter with ds.  Both con-

verge to Hp, (4, C°°/2+’(m,x,DCh\/—)) because the complex is of finite length in

the Cech direction. Theorem 2.3.5.1 implies that (i) ‘E?? = 0 if ¢ < 0 (we
are assuming that ¢ is the coordinate in the Hamiltonian reduction complex direc-

tion), and (ii) ‘B = T(JT*X 7—[23,{24_0(1)%‘771@0[”6”( @ m*))). Furthermore,

by the definition of the direct image, I'(JooT*X, 7-[;?,{2+0(D0h @CI (m & m*)y)) =

I'(JsS, (Poo)*HZS,{2+O(D§?h®Cl”e”(m @ m*)y)), and so, by virtue of (3.2.12), (ii) be-
X b

comes ‘B’ = F(Joog,Dghh)
Assertion (i) implies that no higher differentials touch ‘E{° and no terms different
from ‘EY° contribute to H/2+0(J T* X, C/?+*(m, ;D % f)) hence the leftmost iso-

morphism of the lemma.

Now focus on {“EF?}. We have “E}! = C®/**i(m,y; HP(JT*X, Dﬁ?\/—)) It

was proved in [AChM] that HO(X, D) = Vo_hv (g). In the present situation literally

the same proof gives HO(Jo.T*X, D;?\[) Vo_hV (9) /5 Therefore, by Lemma 3.2.2.1,

“EYe = Wo h (g, f) sitting in cohomological degree 0. We would like to show that

the natural map “ES® — H/2H0(J T*X, C®/?+*(m, y; D%‘f)) is an isomorphism.

In order to do so, we need to get hold of HP(JT*X, D;? f) A similar cohomology,

HP(X,DSP), was computed in [AM], and we have to analyze the effect of introducing h.

In order to unburden the notation write C'® for C* (4, C>/2+*(m, y; D;? \/—)) Filtra-

tion (2.2.11) on C>/2**(m, x; D;?\/ﬁ) defines a filtration {F,C*} and an exact sequence

0 — FNC* — C* — C*/FNC®* — 0.
Hence an exact sequence of hypercohomology
(3.3.5) HO(FyC®) — HO(C®) — HO(C*/FNC®).

Each of these hypercohomology groups can be computed by a version of either of the
2 spectral sequences introduced above for C®. Focus on the 2nd one: “EFY(FynC*®),
“EPY(C*®), which appeared above simply as “EF?, and “EFY(C®/FyC*®). The projection
C* — C*/FyC*® induces a collection of sequences (compatible with differentials)

(3.3.6) SEPI(FC®) — “EPI(C®) —s “EP(C®/FxC®).

According to [AM], H*(X,D$) = H*(n,C) ® Vo_hv (g). Now one may want to obtain

an analogue: H®(JoT*X D;?\f) H*(n, (C)(Xﬂ/o_hv (9) /5> or equivalently, “E1?(C*) =

O+ (m, y; oV " ( )y7)- 1t is not quite clear whether this is correct because of the

infinite power series in & involved, but what is easy to see is the validity for the truncated
version C*/FnC*®:

“EYUC® /PN C®) = O/ (m, s Vs " () )/ Fn O™/ (m, s V5 (g) o).

Now the vanishing result of Lemma 3.2.2.1, or rather its proof, implies that for each
N the spectral sequence “Er?(C*®/FnC*®) collapses: “ER(C®/FyC*®) = 0 if ¢ # 0.
Therefore (3.3.5) and (3.3.6) imply

Dpr0“ERP(C®) € [\ GrENH(C®).
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But we already know what H°(C®) is: by the leftmost isomorphism of Lemma 3.3.4.1

proved above, H°(C*®) = F(JOOS’ ) Dg,h ﬁ); it is, therefore, a subalgebra of an asymptotic

vertex algebra, hence Ny FyH(C*®) = 0. Hence &,40“E% P(C®) = 0 and W™ (g, f)
“EYe — HO/2H0(J T* X, C°/%H (m, x; Di?\/ﬁ)) is at least a surjection. But Wy (g,
is simple [A3] hence the latter map is an isomorphism.

It is clear that the composition of the 2 isomorphisms of Lemma 3.3.4.1 (one inverted
is precisely (3.3.4). Theorem 3.3.3.1 has been proved.

]

D\_/

Remark 3.3.4.2. Notice that an analogue of (3.1.3)
(3.3.7) ClJseS] — I'(JoS,0,_2)

is not an isomorphism, which makes the proof of Theorem 3.3.3.1 more involved but

also vindicates the introduction of the quantum objects, such as ch i

3.4. Example: W§2). As an illustration, we explicitly construct in this section a local-
ization of the affine W-algebra W?Ez).

3.4.1. For g = sl3 and f = FEy; € sl3, the affine W-algebra W¥(g, f) is known as the

Bershadsky-Polyakov algebra W§2), see [[{RW]. The Bershadsky-Polyakov W§2) at level
k is a vertex algebra generated by the fields J(z), G¥(z) and S(z) with the following
OPE’s:

(341)  J(2)J(w) ~ 23

3(z —w)?’
T(2)GE(w) ~ iﬁGi(u}),

G*(2)G*(w) ~ 0,

5(2)S(w) ~ —FF 3);?5 * Z))f”“ D ék_ *wi;’; s(w)+ £ a50),
S(2)GE (w) ~ Hcﬂ:(w) + %aai(w),
k+3 k+3

(z —w)?
G (2)G™ (w) ~ (k Tzl)_(iig): ) + ?Z(]Trwl)g J(w)
- ﬁ <3gJ(w)2§ + w&](w) — S(w)> .

The vertex algebra W?(,z) was first introduced by M. Bershadsky [Ber] and A. Polyakov
[Pol].

The direct calculation shows that the Feigin-Frenkel center of w—h" (g, f) is generated
by S(w) and the following field

S3(2) = °GT(2)GT(2)2 + 28(2)J(2)° — 2 J(2)*° —3°J(2)0,J(2)S — 92T (2).

o o

3.4.2. Let g = sls, f = FEo1 € sl3. We obtain an slo-triple < f,h,e > with h =
F11 — Es9, e = Eq5. The Slodowy slice is

def 0 «a IB

S=f+sl5={| 1 6 0 , a, B,7,0 € C}.
0 v —26
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The Lie algebra m can be chosen to be

0 uw v
m={|l 0 0 0 |, uveC}
000
so that the corresponding group is
1 v v
M={[ 01 0|, uveC}.
0 0 1

The level set of the moment map, (1*)~!(x), x = (f,.), is

ha T12 13
(M*)_l(X) ={ 1 ha—h1 w3 , e, Tee € C}.
O I32 —hg

In this particular case a direct computation easily proves the Gan-Ginzburg result [G (]
that for each element of A € (u*)~!(x) there is a unique element of X € M so that
XAX~! € S. Therefore Cla, 3,7,0] is identified with C[(u*)~!(x)/M], the Poisson
reduced variety. The same computation gives explicit formulas for «,,7v,0 as M-
invariant functions on (u*)~!(x). The answer is:

1
b = E(EH + E99 — 2E33)
v = E3

B = E3; — (En — Es3)Ess.

(We let the curious reader discover the formula for o on his own; we will not need this
result.)

The intersection S = SN N is given by Py(X) = P3(X) = 0, where P;(X) = TrX?,
X €S. A quick computation shows that

C[S] = C[v, 8,4]/(85° — B),

which is a Kleinian singularity of type As, a particular case of a famous theorem [Bri,
Slo].
It is convenient to rescale by letting h = 2§, a = vy, b = 3 so as to obtain

C[S] = C[h,a,b]/(h® — ab).

The above formulas for 7, 3,6 incidentally give (noncanonical) extensions of these func-
tions to the entire sl3, which allows one to compute their Kirillov-Kostant Poisson
brackets. Upon subsequent restricting to S one obtains the quadratic bracket

{h,a} = a, {h,b} = —b, {a,b} = —3h?%;

this is the Poisson reduced algebra.

Lemma 2.1.3.1 defines the following vertex Poisson algebra structure on on the jet-
algebra C[JS]:

(3.4.2) hya = a, hgyb= —b, a@b= —3h2, Ty =0ifn> 0,2,y =a,bor h.
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3.4.3. Consider the Springer resolution 7 : § — S. It is well-known that the Slodowy
variety S coincides with the minimal resolution of the Kleinian singularity S (see [Slo]).
Another realization of the minimal resolution is given as a quiver variety which was
studied in [[Kro]. While a quantization of the Slodowy slice is given by the finite W-
algebra, a quantization of the quiver variety is called a deformed preprojective algebra
or a rational Cherednik algebra. Moreover, it is known that these two quantizations
coincide as a result of [Pre] in the case of the Kleinian singularity of type A. To construct
an ACDO on S explicitly, we use a realization of the minimal resolution as a quiver
variety.
For i =1, 2, 3, let u;, v; be indeterminates. Set

R = (C[ul,’LLg,’LL3,’U1,’U2,U3]/<’LL1U1 = U2V = ’LL3U3>.

The three-dimensional torus 1" = HieZ/sZ C* acts on R by g-u; = gi_lgi_lui, g v =
gigi__llvi for g = (g9j)jez/3z and i@ = 1, 2, 3. Namely wu; is of T-weight €; 1 — &; and v;
is of T-weight e; — ;-1 where {g;},cz /32 be the standard basis of the weight lattice
of T. Set § = 29 — &1 — €9, a weight of T. Let R = D,.~o RZ(, be a graded ring,
where Rge is the semi-invariant subspace belonging to the weight nf. Consider the
projective scheme ProjR over the affine scheme SpecRg. It is easy to see that Rg
is generated by ujusus, vivevs and ujv; and the morphism C[S] — ROT defined by
a — ujugug, b — vivovs and h — wqvy is an isomorphism of algebras. Thus we have
SpecR} ~ S ~ C?/(Z/3Z). Moreover it is well-known that ProjR is the minimal
resolution of it, hence it is isomorphic to S. We identify S with ProjR and S with
SpecROT

We can describe local structure of S by the graded algebra R. First it is easy to check
that R is generated by the elements uju3, UQ’U% and uqvg € Rg over ROT. Consider the
following open subsets of S:

U, = D+(U2U32,), Uy = D+(U1’U3), Us = D+(U%U2).

Set
2

U103 uyuU2
T = PR €T2 = ) €T3 = uUpugus,

’U2’U3 u1v3

2
V23 uU1v3
01 = v1v9u3, Oy = —=, O3 = —5—.
U103 ujuU2

Then the elements z;, 0; are local section on U;. Clearly, for i = 1, 2, 3, U; is isomorphic
to C? with coordinates (x;,9;) and {Ui}i=123 is an affine open covering of S. Moreover,
it is known that (x;;0;) gives a symplectic coordinate of U;; i.e. the symplectic form w
of S coincide with dx; A do; on U; up to scalar multiplication. It is also clear that, for
1 =1, 2, we have the following relations on U; N U; 1 between the local coordinates:

—1 2 2
(3.4.3) T; = i1 Ti4l = X5 8i, 8z = 8i+1xi+1.

Indeed the union U; U U;4; is isomorphic to T*P! as a symplectic manifold.

A localization of the deformed preprojective algebra of type A (or the rational Chered-
nik algebra of type Z/¢Z) was constructed in [BIK]. The quantized local structure with
respect to the above affine covering was studied in [Kuw].
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3.4.4. Now we discuss construct an ACDO chhh on S as follows. First define Dghh(Ui) to
be the $7y-system with generators {z;, 5,} for i =1, 2, 3. Namely Dghh(Ui) is an asymp-
totic vertex algebra which is isomorphic to C((h))[(%i)(-1), (@-)(_1), () (~2), (@)(_2), o]
as a vector space with a fundamental OPE 8;(2)z;(w) ~ hi/(z — w).

Next we consider a quantized chiral analogue of the relation (3.4.3). For i =1, 2, we
define relations on U; N U; 41 as follows:
(3.4.4) i(2) = O (2) 77,

ziv1(2) = S2i(2)°0i(2) ] + 2h0si(2),
0i(2) = 20i1(2) wi41(2) 2 — 2h0:0141(2).

Note that we need anomaly which is essentially the same one for Dﬂcjf in the above
relations. It is easy to check that the above {Dghh(Ui)}izl,zg and the relations (3.4.4)
define a well-defined sheaf of asymptotic vertex algebras chhh.

Set 7

GF(z) = —h? {gxg(z)@(z)?g + 2hazz§2(z)} (= —h28,(2)),
G (2) = —hL {§x2(z)252(z)° _ 2710252@)} (= —Ftzs(2)),

J(z) = —h 1 °my(2)a(2)°.

They are p-invariant global sections of Dg,hh. Direct calculation shows that OPEs of

these global sections are given as follows:
1

zZ—w)

1

Z—w

5 G*(2)GF (w) ~ 0, J(2)GF(w) ~ £

6 6 1 o 920
(z —w)? - (z—w)? J(w) + m{?’oj(w) o = 30uwJ (w)}.
These OPEs coincide with those in (3.4.1) at critical level k = —hY = —3.
Note that these relations are a quantization of the vertex Poisson algebra structure
(3.4.2). To see this one can, for example, introduce J = hJ, G+ = B?G*, G~ = hG~,
and then we have the following relation between these fields:

J(2)J(w) ~ T G (w),

GT(2)G™ (w) ~

o

. . . 3 . .
CJ(2)*° 4+ °GT ()G (2)S = §hﬁz§J(2)2Z — h20,J(2).
This relation gives a quantization of the defining relation of the vertex Poisson algebra

C[J5oS] upon identification h = J,a =Gt b=—G~. Moreover, the prescription of
sect. 2.2.2 will produce relations (3.4.2).
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